It is interesting to contrast Theorem A with Loewner's inequality [2] , [8] which gives a lower bound on the area of a torus in terms of the length of the shortest non-contractible closed curve. In Loewner's theorem equality holds for a class of metrics which differ from one another by a constant multiple. Whereas in Theorem A equality can hold for many very different Riemannian metrics. As an example let M = S 1 X S 2 . Certainly the equation Vol(M, g) = Col^M, g)Col 2 (M, g) will hold for any of the various product metrics g. It also will hold for some non-product metrics. One of the latter can be constructed as follows. Let S 2 be given the canonical constant curvature metric, and let / be a non-trivial orientation preserving isometry of S 2 . Then the group of integers acts as a properly discontinuous group of isometries on the Riemannian product R X S 2 by defining n(t,x) = (t + n,f n (x)) where f n is the nίh iterate of /. The quotient space under this action is diffeomorphic to M. Hence the metric on R X S 2 passes down to a non-product metric on M for which (1) the 339 projection on the first factor is a Riemannian submersion and (2) the level surfaces of the projection are connected minimal submanifolds. Thus by Theorem A the volume of this metric equals the product of the 1-and 2-dimensional collars.
It is easy to see that the cohomology rings of the complex and quaternionic projective spaces and of the product of spheres satisfy appropriate non-degeneracy conditions, and thus that the stable isosystolic inequalities hold for these spaces. (See Gromov [6] , [7] .) We show that the cohomology ring of CP m X CP n satisfies a strong non-degeneracy condition. Consequently the following theorem holds.
for each Riemannian metric g on M.
There are analogous inequalities for the product of two quaternionic projective spaces and the product of two Cayley planes. This can be proved by modifications in the proof of Theorem B.
We conclude with an inequality bounding the first eigenvalue of the Laplacian of (M, g) from above in terms of some of the collars of (M, g).
Norms on forms and cohomology. Let (M, g) be a connected compact oriented ^-dimensional Riemannian manifold. The canonical volume form of (Af, g) will be denoted by υ g . Thus Vol( M,g) = j M v g is the volume of (M, g). The pointwise inner product of two /?-forms ω and φ on M is the function (ω, φ) defined by ω A *φ = (ω 9 φ)υ g where * is the Hodge-star operator on forms. The corresponding pointwise norm of the p-ΐorm ω will be denoted by |ω|. The following properties are well known [5, 10] .
•1 = ϋ g9 **ω = (-l) (np)p ω for all /?-forms ω, I *ω I = I ω I for all p-ίovms ω, and, REMARK. One always has the following inequalities between the pointwise norm and the comass of ω which are valid at every point of M:
) is a constant depending only on Λ and p. Furthermore, C 2 (p;n) = 1 if /? equals 0, 1, n -1, or w, and C 2 (p;n) = C 2 (n-/>;n).See [5,ll] .
Norms on homology. A /^-dimensional current is a continuous linear functional on the vector space of all p-forms endowed with the C°°-topology. The mass |Γ| of a /^-dimensional current T is defined by \T\ = sup{Γ(ω): ω is a p-ίorm with ||ω|| 0 < l}.
Recall that if T is integration over a submanifold of M, then |Γ| is the volume of the submanifold, and that if T is a singular chain, then \T\ is the mass of T defined in Gromov [7] . The boundary of the ^-dimensional current T is the (/?-l)-dimensional current 9Γ satisfying 3Γ(ω) = T(dω) for every (p -l)-form ω. This turns the collection of all currents into a differential complex whose homology is canonically isomoφhic to the real homology of M [9] . We define the mass of a real homology class a<=H p (M,R) by
This definition of mass compares with Gromov's Vol Λ as follows. ||α|| < Vol Λ (<z) at least when a is an integral homology class.
The norms defined in this and the preceding section all depend upon the Riemannian metric g.
Duality. D(a) G H n~p {M,R) denotes the Poincare dual class of a e H p (M, R). Likewise, D(a) e H n _ p (M, R) denotes the Poincare dual ofαE H P (M, R). Thus, if a b e H p+q _ n (M, R) is the intersection class correspondinig to a e H p (M, R) and b e H q (M, R), then D(a -b) = D(a) w D(b)
where w is the cup product.
because ω Λ φ is a form dual to the class a b and
\\D(a)\\>C 4 (p;n)\\a\\ where C Λ (p; n) -C 2~1 (/?; n). If equality holds then the pointwise norm of the harmonic form representing D(a) is constant.

Proof. Let ω be the harmonic form representing D(a).
Then by Lemma 1 and Schwarz's inequality,
If equality holds then |ω| is constant by Schwarz's inequality.
The collars of (M, g). From now on suppose M is torsion free. Thus the integral homology H*(M, Z) and the integral cohomology H*(M 9 Z) may be identified with subsets of H*(M, R) and H*(M,R)
respectively which form lattices of these real vector spaces.
The /^-dimensional collar Col^M, g) of (M, g) is defined by Col,(M,g) = inf{||fl||: a e H p (M 9 Z) 9 aΦθ}. REMARK. Col n ( Af, g) = Vol(M, g). 
This condition is satisfied in all degrees by compact orientable surfaces, the product of spheres, the complex and quaternionic projective spaces, and the Cayley plane. Details may be found in [2] . Similar computations to those in [2] 
Proof of Theorem
is torsion-free. Thus it is evident that M satisfies the dual lattice condition in degree one. Thus by Proposition 6
Suppose /: M -* R/LZ is a Riemannian submersion onto the circle of length L such that every level surface (or fiber) is a connected minimal hypersurface of (M, g). Let ω = f*(dt) where Λ is the canonical volume form on the circle R/LZ. Then |co| = 1 because / is a Riemannian submersion. Thus *ω = *ω/|ω| restricts to the volume form on each fiber of /. Hence a simple calculation shows that d(*ω) = η A *ω where η is the 1-form defined by η(X) = -g(H, X), H being the mean curvature vector of the fibers of /. Consequently, d(*ω) = 0 because the fibers are minimal submanifolds. Hence all the fibers have the same volume V. Because / is a Riemannian submersion, we may calculate Vol(M, g) by first integrating over the fibers and then over the circle R/LZ. Therefore Vol(M,g) = LK
Let a e H λ (M, Z) = Z be a generator. Then, because the fibers of / are connected, f*a generates H X (R/LZ, Z). Thus if s is a closed curve representing a,
If T is any current in the homology class a, then f s and T are homologous, i.e. Finally the first part of the proof shows that L = Col^M, g) and that Col w _ 1 (M, g) is the volume of a fiber.
j -T = dS for some 2-dimensional current S. Thus j ω-T(ω) = dS(ω) = S(dω) = S(θ) =
Fully non-degenerate bilinear maps. Let E, F, and W be three finite-dimensional real vector spaces, and let B: E X F -> W be a bilinear map. Choose bases e l9 ..., e { of E and / 1? ..., f k of F. Thus / = dim(£) and k = dim(F). We will assume I < k. Form the / X k matrix A = (B(e n f)) whose entries are elements of W. The set of / X / submatrices of A formed by deleting k -I columns can be indexed by the set Π consisting of all subsets m of {1,2, 3, ...,&} of cardinality / so that the submatrix A m is obtained by deleting the 7 th column if and only if j £ π. There are (f) such matrices.
If we consider the entries of A m to be in the real symmetric algebra over W, we can form the determinant det^^) which is a homogeneous element of degree / in the symmetric algebra.
Suppose the set (det^^): m e Π} is linearly independent over R in the symmetric algebra. It is a simple matter to show that this condition is independent of the choice of bases of E and F. For first suppose e[,. .., e\ is a second basis of E related to e v . . ., e ι in one of the following three ways: Case 1.
Case 3.
•o i= Jθ Thus, if we let A' be the matrix (B(e' i ,f J ) ) and A' π be the submatrix corresponding to TΓ G Π, then, by the properties of the determinant, we have:
Case I. det«) = cdet(,4J Case 2. det(ΛJ = det(ΛJ Case 3. det(v4J = -det(ΛJ. Clearly {detί^): π e Π} is linearly independent in every case. Now suppose //,...,// is a second basis of E related to f l9 ..., f k in one of the following three ways:
Thus, if we let A' be the matrix (B(e i ,f j ')) and A' m be the submatrix corresponding to TΓ G Π, then, by the properties of determinants, we have:
if either i 0 ί TΓ or both/ 0 ,y 0 ε TΓ
if ι 0 ί TΓ, j 0 e TΓ Once again, in every case, {det(y4^): π e Π} is linearly independent. Since any two pairs of bases for E and F are related to each other by a sequence of the elementary changes of bases just described, we see that (detί^): TΓGΠ} is linearly independent for every pair of bases for E and F if it is for one such pair. We will say B is fully non-degenerate if the set (det(^4 w ): TΓEΠ} is linearly independent in the symmetric algebra over W.
Suppose B is fully non-degenerate. Then for any bases e l9 ..., e t of E and / 1? ...,/* of F and for every m e Π, det^,,) Φ 0. Recall that det(^4 w ) is the sum of terms where each term is ±1 times a product of / entries chosen from A m in such a way that an entry has been chosen from each row and column exactly once. Since detί^) Φ 0, one of these terms must be non-zero. Thus we are able to choose / non-zero entries from A m such that any entry has been chosen from each row and column exactly once. Therefore, doing this for each TΓ, we can choose (f)/ non-zero entries from A so that an entry has been chosen exactly (f )-times from each row and exactly (fr^)-times from each column. Some entries may have been chosen more than once. LEMMA 7. Suppose w. H?(M 9 R) X H\M, R) -> H P +%M, R) with p + q < n is fully non-degenerate. Then (det(H'(M, >h(b p 
The desired inequality follows by taking (f)/-roots. PROPOSITION 8. Suppose M satisfies the dual lattice condition in degree p for all 0 < p < n, and suppose u : 
for every Riemannian metric g on M.
Proof. (p,q;n) and H" = H?{M,R). Then by applying Lemma 7 k times, and 6^ = δ^,^, the proof is completed after multiplying these inequalities and applying Lemma 5.
REMARK. This is a version of the stable isosystolic inequality. It bears comparison with the stable isosystolic inequality 7.4.C in Gromov [7] . In fact his result implies ours. 2 c~2μl where c is the (n -l)-dimensional carcan of (M, g) which he defines as the infimum of the volumes of all compact oriented (n -l)-dimensional submanifolds of M whose fundamental class is not null-homologous in M. Since integration over every such submanifold defines an (n -l)-dimensional current whose mass equals the volume of the submanifold, Raising the last inequality to the fourth power and multiplying it with the previous inequality gives , g) Colί(M, g) ColJU^M, g) which by Lemma 5 is equivalent to the inequality to be proved since
